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Introduction

Theorem (Jensen)

There is a Kurepa tree in the constructible universe L, which has no Aronszajn
subtrees.

Theorem (Todorcevic)

There is a countably closed forcing which adds a Kurepa tree with no Aronszajn
subtree.

Theorem (Komjath)

It is consistent relative to the existence of two inaccessible cardinals that there is a
Kurepa tree and every Kurepa tree has an Aronszajn subtree.
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Introduction

Recall that if it is consistent that there are no Kurepa trees then it is consistent
that there is an inaccessible cardinal. In fact, the same assumption implies that wo
is inaccessible in the constructible universe.

Question

Assume there are Kurepa trees and every Kurepa tree has an Aronszajn subtree. Is
it consistent that there are at least two inaccessible cardinals.
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Introduction—T heorems

Theorem (L., Todorcevic)

Assume there is an inaccessible cardinal. Then it is consistent that there is a
Kurepa tree and every Kurepa tree contains an Aronszajn subtree.

Theorem (L., Todorcevic)

It is consistent that there is a Kurepa tree T such that whenever U C T is a
Kurepa tree when it is considered with the inherited order from T, then U has an
Aronszajn subtree.

Corollary

Assume MA,,, holds and w2 is not a Mahlo cardinal in L. Then there is a Kurepa
tree with the property that every Kurepa subset has an Aronszajn subtree.
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Walks on ordinals in ws

Definition

A sequence (C,, : o is limit and wy < o < wy) is said to be a O, -sequence if
o C, is a closed unbounded subset of «,
e otp(Cy) < « and
o if ais a limit point of Cg then Cs Na = C,.

The assertion that there is a O, -sequence is called [, .

Proposition
If O, holds then there is a sequence (Cy, : a € wsg) such that
e C, is a closed unbounded subset of «,
o Catr1 = {a},
e otp(Cy) < wp and if cf(a) = w then otp(Cy,) < wy,
o if € C and G is limit then cf(a) < w,
o if ais a limit point of Cg then Cg Na = C,.

y
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Walks

Fact

Assume A is a regular cardinal which is not Mahlo in L. Let G C coll(w;, < A) be
L-generic. Then O, holds in L[G].

Definition
The function p : [we]? — w1 is defined recursively as follows: for a < 3,
pla, B) = max{otp(Cp N ), p(a, min(Cp \ @), p(§, ) : £ € Ca N [A(e, B), )}

We define p(a, &) = 0 for all & € wa. When the order between «, 3 is not known
we use p{a, B} instead of p(«, B). More precisely, p{a, 8} = p(e, B) if a < 5 and
pla, B} = p(B, ) if B < .

v
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Lemma

Assume £ € a and « is a limit point of Cz. Then p(§, ) = p(&, B).

Lemma

If a < B, ais a limit ordinal such that there is a cofinal sequence of £ € «, with
p(§, B) < v then p(a, B) < v.

Lemma

For all v € w1 and « € wy, the set {§ € a: p(§, ) < v} is countable.

Lemma

Assume a < 8 <. Then
o pla,y) < max{p(a,8),p(8,7)}.
° pla, B) < max{p(,7), p(8,7)}-
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Lemma

Assume a < 8 < . We have p(«,v) = p(a, f), if
p(B,7) < max{p(e, B), p(e,)}-

Lemma
Assume § € lim(ws), and v > . Then there is 3’ € § such that for all
a € (8,8), pla,v) = pla, B).

Lemma

Assume A is an uncountable family of finite subsets of ws and v € wy. Then there
is an uncountable B C A such that B forms a A-system with root r and for all
a,bin B:

o p{a,f} >vforallacal\band S €b\a,

o p{a, B} > min{p(a,v),p(B,7)} forall a € a\b, B €b\aand vy €anb.

4
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Our Canonical Tree

Definition
Assume A C wy. @ 4 is the poset consisting of all finite functions p such that the
following holds.
Q dom(p) C A.
@ For all @ € dom(p), p(«) € [w1]<¥ such that for all v € w1, p(a) N [V, v + w)
has at most one element.
@ For all o, 8 in dom(p), p(a) Np(B) is an initial segment of both p(«) and
p(B).
@ For all @ < B in dom(p), max(p(a) N p(B)) < p(a, B) or p(a) Np(B) = 0.

o
We let ¢ < p if dom(p) C dom(q) and Yo € dom(p), p(e) C g(). We use @ in
order to refer to @, .

Lemma

Assume A C wy. The set {b¢ : £ € A} is the set of all cofinal branches of the
generic tree T in the forcing extension by Q) x .

v
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I ——
Complete Suborders of @)

Lemma

The poset ). is a complete suborder of ). Moreover, if X C ws is a set of
ordinals of cofinality wy, then Q,\ x is a complete suborder of Q.

Lemma

Assume CH. Let (N¢ : £ € wy) be a continuous €-chain of countable elementary
submodels of Hy where 0 is a regular large enough cardinal, N, = U, Ne,
and p = sup(N., Nwe). Then Q,, is a complete suborder of Q).

Lemma
Assume 1 € wo, x C wy is finite and @, < Q. Then Q, < Q. < Q.

Fact

Assume cf(p) = w, p € wa, for some B > u, p is a limit point of C;z and the set
of all limit points of C), is cofinal in . Then @, is not a complete suborder of Q.
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ES——————————
A way of finding Aronszajn subtrees

Definition

Assume T is an w;-tree, £ is a large enough regular cardinal, t € T U B(T), and
N < H, is countable such that T € N. We say that N captures t if there is a
chain ¢ C T in N which contains all elements of T« v, below ¢, or equivalently
tT (6N) Cec.

Definition

Assume T' = (w1, <) is an wy-tree, x € T UB(T) and N < Hy is countable with
T € N. We say that z is weakly external to N if there is a stationary

¥ C [H(ge1)+]“ in N such that

VM € NNX, M does not capture x.
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ES——————————
A way of finding Aronszajn subtrees

Proposition

Let 7' = (w1, <) be an wy-tree, k = (2“1)T and ¥ C [H,|* be stationary. Assume
for all large enough regular cardinal 6 there are € T and countable N < Hy
such that x is weakly external to IV, witnessed by 3. In other words, for all

M € XN N, M does not capture . Then T has an Aronszajn subtree.

Corollary
Assume T = (w1, <) is an w;-tree. Then the following are equivalent:
@ T has an Aronszajn subtree.

@ For all large enough regular cardinal 6 there are © € T and countable
N < Hy such that x is external to .

@ For all large enough regular cardinal 6 there are © € T and countable
N < Hy such that x is weakly external to N.
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ES——————————
An inequality for p

Lemma

Let (21)% < ko < K < 0 be regular cardinals such that (27°)" < x, and

(27)* < 6. Let S be the set of all X € [w3]* such that C,,, C X and lim(Cl )
is cofinal in X. Assume A is the set of all countable N < Hy with the property
that if N Nwsy € S then there is a club of countable elementary submodels

E C [Hg,]¥ in N such that for all M € ENN,

plar, an) < M Nw;.

Then A contains a club. )

Theorem

It is consistent that there is a Kurepa tree T" such that whenever U C T is Kurepa
then U has an Aronszajn subtree.
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N ——
Proof of the Theorem

Assume G is a generic filter for the forcing @, and T is the tree introduced by G.
Since @ is ccc, it preserves all cardinals and T is a Kurepa tree.

Assume U is a Kurepa subset of T', and X is the set of all £ € wy such that

be NU is uncountable.

Let (Ng : € € wi) be a continuous €-chain of countable elementary submodels of
Hy such that U € Ny and for all £ € wy, N¢ € A, where A is the same club as in
the previous lemma.

Let N, = U Ne, pp= Ny, Nws.
{ewr
Fix n € X above pu.

By Proposition above, it suffices to show that for some & € wy, the first element
of b, N U whose height is more than N¢ Nw; is weakly external to N, witnessed
by some stationary set .

Without loss of generality we can assume that for all £ € wy:
o ay, = sup(Neg Nwy) is a limit point of C,,
4] N& Nwy D CQN§ and

° lim(CaNE) is a cofinal in ay,.
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N ——
Proof of the Theorem

Let £ € wy be such that otp(CaNE) > p(p,n) and for all ¢ > &,

plang,n) > p(p,n).

Then note that p(u,n) € Ne.

Use Lemma to find EZ € N¢ which is a club of countable elementary submodels of
H,,, such that for all M € E N Ng, p(p,n) € M and p(apy,an,) < M Nw;.
Now let 3 be the set of all M € E such that M Nwy D Cy,, and lim(C,,,) is a
cofinal subset of ajy.

Routine to show that X is stationary and in Ng.

Let M € ¥ N N¢. We want to show that M does not capture b,, as a branch of
T. Equivalently, for all b € M which is a cofinal branch of T', A(b,b,) € M.

By the lemma above, it suffices to show that for all v € M, p(v,n) < M Nwy.
Recall that:

p(v,n) < max{p(vy, an), planr, 1), p(p, 1)}
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Lemma

Assume w < 1t < w2, Qu < Q in Vand G C Q is V-generic. Let K be an
wi-tree in V[G,] and b C K be a cofinal branch in V[G]. Then there is a finite
x C [p,wo) such that b € V[G Uz

Lemma (Consequence of Baumgartner, Malitz, Reinhardt.)

For every Aronszajn tree A there is a ccc poset which adds an antichain to A and
which does not add new cofinal branches to the w,-trees of the ground model.
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Notation

—If G C Q is a generic filter and X C ws with Qx <Q, Gx =GN Qx.

—-If Qx <Qa <Q, Rx, 4 refers to the ccc poset such that Q4 = Qx * RX,A.

— Rx, a can be described more explicitly in the forcing extension by G x as
follows. Let 1" be the generic tree for Qx and b¢ be the set of all t € T" such that
t € q(&) for some g € Gx. Recall that b¢ is an uncountable downward closed
branch of T'. Moreover, every branch of T' in the forcing extension by Gx has to

be be for some { € X. The poset Rx 4 consists of finite partial functions p from
A\ X to T such that:

@ for every a € dom(p) and £ € X, (p(a) Abe) < p{&,a} and
Q for all a < § in dom(p), (p(a) A p(B)) < p(a, B).

In Rx 4, ¢ <pif dom(g) D dom(p) and p(er) <7 ¢(a) for all & € dom(p). We
sometimes use the notation R4 (B) in order to refer to R4 aup if A, B are
disjoint.
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|
Finiteness Lemma

Lemma

Assume wy < it < wa, Qu <1 Q in'V and G C Q is V-generic. Let K be an
wi-tree in V|G,] and b C K be a cofinal branch in V|G]. Then there is a finite
x C [p,wo) such that b € V|G Uz

Proof:

- Work in V[G,].

—-LletreR,w, NG, and 7 C K x{qg€ R, : ¢ <7} bean R, ,,-name.
— Assume for a contradiction that for any finite x C wo,

rlrg, ,, “7is a cofinal branch of K outside V|G, * H,]” (1)
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|
Proof of finiteness Lemma

— Without loss of generality 7 = J{{u} x E, : u € K} such that:
@ E, is an antichain that is maximal in C, = {¢<r:qlFg
Q If ¢ € E, and « € dom(q) then htr(g(«)) > ht g (u).

@ If ¢ € E, then ¢ is a one-to-one function whose range consists of the
elements of the same height in T'.

u €T}

Hywo

- R, ., is ccc so Iy, is countable.

— U = dom(7) is a Souslin subtree of K.

— Fix uncountable T' C range(7) such that {dom(p) : p € T'} forms a A-system
with root w and for some k € w elements of I" have size k + |w].

- Note that r € R, (w).
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|
Proof of Finiteness Lemma

We showed it is enough to find H,, C R, (w), P such that:
Q@ H, C R,(w) is V[G,]-generic and r € H,,.
@ P is a ccc poset in V|G, * Hy,| and it does not add new cofinal branches to
the wy-trees of the ground model.

Q In V[G, * H,]" there is an uncountable A’ C T' whose elements are p.w.
compatible.
@ every element in A" is compatible with every element in G, * H,,.
— Define A= {p | (dom(p) \w) :peTAp|we Guuw}
— We also showed that we are done if A is countable. From now on assume A is
uncountable.
— Note that every element of A is compatible with every element in G U -
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Proof of Finiteness Lemma

— For each p € A, let dj, : k — dom(p) be the unique strictly increasing bijection.

—Let ([;:0<i< @ + 1 =m) be a sequence listing all I C k with

0 < [I| < 2 such that all singletons are listed before pairs.
— We are going to find (V;, A;, P, : 1 < @ + 1), by induction on [, such that:
e Vo = V[Guuwl
@ P, € V; is ccc and does not add cofinal branches to wq-trees of V.
e Vi1 =V[P].
e A; € V; is uncountable for all [.
] .Al+1 C.Al CA():A.

o If {p,q} C Ajthen p [ {dy(n):n € i} and ¢ | {dy(n) : n € I;} are
compatible in R, uw,w,-

—Then A/ ={peT :p] (dom(p)\w) € Ay Ap | w € Gy} works.
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Proof of Finiteness Lemma

We proceed by finding V;, A;, P,_1 when V;_1, A;_1, I; are given. First assume
0 <! < k, which means I; = {n} for some n € k. This task can be done by
managing the following cases:

@ The map p — p(dp(n)) is constant on some uncountable subset of A;_;.

@ The map p — p(dy(n)) is countable-to-one and the downward closure of
{p(dp(n)) : p € A;_1} has an uncountable branch.

@ The map p — p(dy(n)) is countable-to-one and the downward closure of
{p(dy(n)) : p € Aj_1} is Aronszajn.

Hossein Lamei Ramandi (IPM) Can you take Komjath's Inaccessible Away? Tehran, Winter 2025 22 /44



Case 1, |[}| =1

fix uncountable B C A;_; such that p — p(d,(n)) is constant on B. Let
v = p(d,(n)) for some (any) p € B. Let A; C B be uncountable such that if

p # q are in A; then p{d,(n),d,(n)} > v. It is easy to see that A; together with
Vl = Vl—l works.
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Case 2, |[}| =1

Let W be the downward closure of {p(d,(n)) :p € Aj—1} in T. By the lemmas
above let £ € U w such that b C W.

Let (p; : ¢ € wq) be a sequence in A;_1 such that (p;(d,, (n)) Abe 1 i € wy) is
strictly increasing.

Let I'g C wy be uncountable such that (a; = d,, (n) : i € I'y) and

(p{c, &} i € Ty) are both strictly increasing.

Recall that p{a;, &} > be A pi(a;), so this is possible. Find uncountable 'y C Ty
such that p(oy, o) > min{p{e, &}, p{e;,£}} for i < j in T'y. In order to see
Ay ={p; :i €T} and V; = V;_1 work, assume for a contradiction that

pi(as) Apj(a;) > p(as, o) for some ¢ < jin I'y. Then

P&, ai} > pi(ag) Nbe = pi(u) Apjlaz) > plag, az) > plag, €},

which obviously is a contradiction.
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Case 3, |[}| =1

let W be a pruned downward closed uncountable subtree of the downward closure
of {p(dy(n)):pe A1} inT.
Let P,_1 be the ccc poset consisting of finite antichains of W, and V; = lej’ll )
From now on we work in V;. Fix v > sup{d,(n) : p € A;_1} in wy and
(t; 4 € wy) in A such that if ¢ < j then ht(t;) < ht(¢;). Since W is pruned, for
every t € W there are uncountably many p in A;_1 with ¢t <7 p(d,(n)). Since wo
is preserved, the square sequence of V;_; is a square sequence in V;. Therefore,
for each i € wy there is p; € A;_1 such that ¢; € p(dp,(n),7) and
ti <7 pi(dy,(n)). Let o; = d,,(n). Find uncountable 'y C w; such that
(a; 1 €To) and (p(a;,7) : i € T'g) are both strictly increasing. Find uncountable
I'y € Ty such that

plas, a;) = min{p(vi,7), p(aj, )}

whenever ¢ < j in T';. In order to see A; = {p; : i € I';} works, assume i < j are
inI'y. Then

pilai) Apjlay) < ti < plai,y) = min{p(a;,v), ple,7)} < plai, o),

as desired.
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Iy = {n,m}.

Observation. Assume V is a forcing extension of V|G 1] by a forcing described
in Lemma above. Let m < n < k and assume in V, B C A is uncountable such
that the maps p — p(d,(n)) and p — p(d,(m)) are countable-to-one on B. Then
either
(a) there are incomparable s,¢ in T and uncountable By C B such that for all

p € By, s <p p(dy(m)) and t <7 p(d,(n)), or

(b) {p(dy(m)) Ap(d,(n)) : p € B} is uncountable.
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I} ={n,m}.

(0) At least one of the maps p — p(d,(n)) or p — p(dy(m)) is not
countable-to-one on A;_;.
(a) There are incomparable s,t in T' and uncountable By C A;_; such that for
all p € By, s <1 p(dy(m)) and t <7 p(d,(n)). Moreover, the maps
p+— p(dp(n)) and p — p(dp(m)) are countable-to-one on A;_;.
(b.1) The downward closure of {p(d,(m)) A p(dy(n)) : p € Ai—1} in T has an

uncountable branch and the maps p — p(d,(n)) and p — p(d,(m)) are
countable-to-one on A;_;.

(b.2) The downward closure of {p(d,(m)) A p(dy(n)):p € A1} in T is an

Aronszajn tree and the maps p — p(d,(n)) and p — p(d,(m)) are
countable-to-one on A;_;.
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Case 0

The forcing extension is the trivial forcing extension. Find uncountable B C A;_;
and ¢ € T such that one of the maps p — p(d,(n)) or p — p(d,(m)) is constantly
ton B. Let v =1t + 1 and let A; C B be uncountable such that for p # ¢ in A;,
pl{dp(n),dg(m)} > v. So for all distinct p, ¢ in A,

p(dy(n)) Aq(dy(m)) < v < p{dy(n),d,(m)}. By the symmetry and since we have
already dealt with the one element subsets of k, this finishes case (0).
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Case a

The forcing extension is the trivial forcing extension. Fix s,t, By as in (a) of
Observation. Let A; C By be uncountable such that for p # ¢ in A;,

t < p{dy(n),dq(m)}. Then for all p # ¢ in A;,

p(dp(n)) Ap(dg(m)) =s At <t < p{dy(n),ds(m)}. Because of symmetry and
the fact that we dealt with the one element sets in the previous steps, this finishes
case (a).
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Case b.1

The forcing extension is the trivial forcing extension. Assume W is the downward
closure of the uncountable set {p(d,(m)) Ap(d,(n)):p € Ai—1} in T. Let
& € pUw such that be C W. We can find {p; : i € w1} C A;_1 such that
(pi(dp, (m)) A pi(dy,(n)) Abe @i € wy) is strictly increasing. 3T € [w1]™ s.t.

4] <O(i = dpl(n) NS F0>, <ﬁ1 = dpl(m) 11 € Fo),

o ({(pi(as) Abe), (pi(Bi) Nbe)} =i € o),

o ({p{au, &}, p{Bi, &)} i € Ty are all strictly increasing.

ElFl S [FO]N1 Vi 7é.] in Fl, p{alaﬂ]} 2 mln{p{aza§}7p{ﬁ]7§}}a
Assume ¢ < j are in I';. Then

pi(ai) Apj(B;) = pi(ai) Nbe < p{lai, §} = min{p{a;, £}, p{B;,&}}-
So pi(a;) Ap;j(B;) < p{as, B;}. Again, by the fact that we have already dealt

with the one element sets before, A; = {p; : i € I'1} and V; = V;_; works. This
finishes case (b.1).
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N ——
Cae b.2

let W be the downward closure of the uncountable set
{p(dp(m)) Ap(dp(n)) : p € Aj_1} in T. Let W’ be an uncountable downward
closed pruned subtree of W. Let P,_1 be the poset consisting of finite antichains
of W'. Let V, be a forcing extension of V;_1 by P,_;. Work in V; and let
{ti i € w1} C A such that (htp(¢;) : ¢ € wq) is strictly increasing. Let v € wy be
above all ordinals in {p(d,(n)) + p(d,(m)) : p € A;_1}. For each i € wy, find
p; € A;j_1 such that

et <r (pi(ai) /\pi(ﬂi)) where «; = dpi (n) and 3; = dpi (m),

® t; € p(ai,7), and t; € p(Bi, 7).
This is possible because the maps p — p(d,(n)) and p — p(d,(m)) are
countable-to-one and W' is pruned. Let I'y C w; be uncountable such that:

o p{ay, 55} > min{p(as,v), p(B;,7)} for all distinct 4, j in T, and

o ({p(ai,7),p(Bi,7)} : i €Tyg) is strictly increasing.
Now we show that A; = {p; : i € T'v} works. Assume i < j in T'y. Then

pi(ai) Ap;(B;) < ti € plas,v) = min{p(ci, ), p(Bj;7)} < plai, Bj).

As in the previous case, by symmetry and the fact that we have already dealt with
the one element I;'s, this finishes the work for case (b.2).
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N ——
Proof of Main Theorem

Now we are ready to prove the main theorem. Assume X is the first inaccessible
cardinal in L and V is the generic extension of L by the Levy collapse forcing with
countable conditions which makes X\ the second uncountable cardinal. Note that
V is a model of O,,,. Assume G C @ is V-generic and T, (b¢ : £ € \) are the
generic tree and branches that are defined from G as usual. We show for every
Kurepa tree K in V[G] there is a Kurepa subtree of T which club embeds into K.
Recall the following two theorems.
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N ——
Jensen-Schlechta

Lemma

Assume A € V is a countably closed poset, ' C A is V-generic, B € V is a ccc
poset and G C B is V[F]-generic. Let T € V[G] be a normal wy-tree.

Q Ifb e VIF][G] is a cofinal branch in T, then b € V|[G].
@ If S € V[F][G] is a downward closed Souslin subtree of T then S € V[G].

Lemma

Let A € V be an inaccessible cardinal, F C coll(wy, < X) be V-generic, P be a ccc
poset of size Xy in V[F], G C P be V[F]-generic and U € V[F][G] be an w.-tree.
Then U has at most Ry many Souslin subtrees and cofinal branches in VE.

v
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Abraham-Shelah

Lemma

Assume R and all its derived trees are Souslin, A is an Aronszajn tree and R’ is a
derived tree of R whose dimension is n. Moreover assume forcing with R’ adds a
new branch to A and R’ has the least dimension with respect to this property
among the derived trees of R. Then R’ club embeds into A.
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|
Notation

For finite = C 11, ws), let S#[x] be the set of all (v; : i € |z|) € TU*!l such that for
some q € Ry w,:

e dom(q) D z and
»q(2(2)) = vi.
So in particular every condition in R, ,, force that @ b, C S*[z].

acr

For o € wy \ p, we use S*[a] instead of S*[{a}].

o forallie |z

Hossein Lamei Ramandi (IPM) Can you take Komjath's Inaccessible Away? Tehran, Winter 2025 35 /44



Club Embedding

Assume for a contradiction that K € V[G] is a Kurepa tree,

K is a Q-name for K,

and py € G forces that

K is a Kurepa tree such that no Kurepa subtree of T club embeds into K.

Let po € wo such that Q,, <@, K and T are in V[G,,] and py € G,,,. Note that
in V[G,],

Ry, IF “no Kurepa subtree of T' club embeds into K.” )
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ES——————————
Club Embedding

Let Y € V[G,,] be the set of all (,p,x, A) such that:

(ap) x is a finite subset of [ug,ws),

(a1) 7is an Ry, (x)-name,

(a2) plFR,, () “7 is a cofinal branch of K which is not in V[G,,, * H,], for any

finite 2/ which is a proper subset of ", where H, is the canonical name for
the V[G ,]-generic filter of R, (2'),

(a3) pis a one-to-one function, dom(p) = x and range(p) consists of the
elements of the same height in T,

(as) A={ue K:3ge R, (x) ¢g<pAglraer}.
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Club Embedding

— For i € {1,2,3,4} let Y; be the projection of Y on the i'th component.

— By Jensen-Schlechta and finiteness, |Y3| = Rs.

— Let (z¢ : £ € wa) be an enumeration of Y3.

— Let n € w and T'y C wy be of size Ny such that {z¢ : { € Tp} is a A-system
with root w and |z¢| = n + |w]| for £ € Ty.

- W.L.G., assume that (ye = x¢ \ w : £ € T'g) is strictly increasing.

— For every £ € Ty let Té,pé,Aé be such that (Té,p’57x5,A’§) eY.

- W.L.G,, forall i € n+ |wl|, § = p(z¢(i)) is constant on I'.

There is a condition r € Ry, ., which forces that for Ry many £ € Iy, pj is in the

generic filter H[H07w2). In order to contradict (2), we need to work with a

V(G ]-generic filter of R, ., which intersects {p : £ € '} on a set of size Ns.
Due to similarity of arguments and for easier notation let's assume without loss of
generality that
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ES——————————
Club Embedding

—Fix 1 € wy \ 1o above max(w) such that Q, < Q.

- From now on, we work in V[G,] unless otherwise stated.

— Define I'y € V[G,,] to be the set of all £ € T'y such that min(ye) > p and

pe Twe G

Obviously |T'1| = Rg by (3).

— For each £ € I'y let pe = pj; | ye.

— Note that by (a3) and the definition of T'1, p¢ is compatible with every condition
in G,.

Via tie natural transition of objects 7, A from V|G ] to V[G,], we can find
Te, Ae in V[G,,] such that for all £ € I'; the statement (a;) above implies (b;)
below:

(b1) ¢ is an Ry, (yg)-name,
(b2) pe € R, (ye) forces that 7¢ is a cofinal branch of K which is not in V[G,,],

(b3) pe is a one-to-one function and the elements in range(p¢) have the same
height in T,

(bs) Ae={ue K:3qg€ R,(ye) ¢ <pe NqlFu €7}
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ES——————————
Club embedding

We only show how we obtain (b3). Assume for a contradiction that £ € T'y,
7€ G, N Ry, is an extension of p; [ w and pg € Ry, ., is an extension of pe
such that:

7{ is a cofinal branch in V|G, * Hy, ..

r*pe bR

HOH>w2
Since 7 * p¢ extends p;, by (az),

rxpe bR, ., T¢ is a cofinal branch in VG, * Hy, ] N V(G * Hy,].
This contradicts (a2) because by Lemma [no-extra-branch], for every

VI[G,,|-generic filter H C Ry, ,, V|G, * Hy]N V(|G * Hyy ] = V(G % Hynyl
and x¢ Ny is a proper subset of z¢. Hence (b2) holds.
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Club Embedding

Note that by [Jensen-Schlechta], all finite powers of T" and K have at most ¥y
many cofinal branches and Souslin subtrees in V[G,]. Let I'; C I'; be of size R,
such that for all £ and 7 in T'y the following hold:

o SHye(i)] = S*[yn(i)] for all i € n,

o S'[yel = S"[ynl,

(] Ag = A77'
Observe that if y € {ye : £ € T2} and © = (v; : @ € n) is an element of S*[y], and
v;'s are pairwise distinct then &) (S*[y(4)])v, = (S*[y])s. Moreover, this tree

SV

does not depend on the choice of y.
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ES——————————
Club Embedding

—For i € n, let t; = pe(ye(i)) for some (any) £ € T's.
— Let I's C T'y with |T's| = Ry such that if { < arein T's, o € ye, 5 € yy,, then
pla, B) > max{t; : i € n}.
For every ¢ € I' define ¢ from @ (S*[y(t)])s, to the poset consisting of all
S

extensions of pe = {(y¢(¢),t;) : ¢ € n} in R,(yc) as follows. For every
§=(s;:i€n)in @ (S"[y(i)]), let ©c(5) be the function defined on y which

ien
sends y¢ (i) to s;. It is easy to see that ¢ is an isomorphism from its domain to a
dense subset of the set of all extensions of p¢ in R, (y¢). Let S = [J (S*[y(i)])s,

en
and U = A¢. Obviously, U is Souslin in V[G,,].
— V[G,,] thinks that there is a derived tree of S, namely @) (S*[y(7)])+,, which

iEN
adds a branch to U.
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ES——————————
Club Embedding

Claim. All derived trees of S are Souslin in V[G,].

Proof.

Assume (s’ : i € nAj € m) are pairwise distinct elements of S with the same

height § such that ¢; < s§. for all 4, j. We will show that [[{S,: :i €nAj € m}
J

is the set of all possible points of a branch of 71" which is added by a ccc poset

in V[G,]. Let (¢ : j € m) be a strictly increasing sequence in I's such that for all

J<k<mifa€uye and 8 € yg, then p(a, ) > +w. Let z; = yg,. Define

p: U 2z — T by p(2,(i)) = sj. By the requirement on I's and the fact that
jeEM

@¢, is an isomorphism, p | z; € R, (2;) for all j € m. The way we chose the z;'s

implies that p € R, (U z;).

JjEM
Obviously, the set of all extensions of p in R,( |J z;) is a ccc poset in V[G,] and
jeEM
it adds a new branch to T™". Observe that the set [[{S,: :i € nAj € m}is
J
the set of all possible points of this branch. O

4
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ES——————————
S becomes Kurepa in some generic extensions.

Claim. Assume (v; : j € k) is a sequence of pairwise distinct elements of the
same height in S. Then in V[G,], there is a condition ¢ in R, ., which forces
that each S, is Kurepa.

Proof.

Fix I'y C I's such that |T'y| = Xy and for all £ < nin 'y, for all o € yg, for all

B € yn,
pla, B) > max{v; : i € k}.

For every increasing 0 = (§; : 1 € k) in I'y, let ¢, : |J ye¢, —> S be a function such
lek

that g, (ye, (1)) = v; if v; is the I'th ordinal in (v; : j € k) that is above ¢; in T'. If
there is no I'th ordinal in (v; : j € k) that is above ¢; in T let g, (ye, (7)) = ¢;.
The same argument as in the previous claim shows that ¢, € R, o,.

Let T's C [['4]* be a collection of pairwise disjoint sets with |I's| = Ry. Since
R, ., is ccc, there is a condition ¢ € R, .,, which forces that for Ry many o € I's,
o is in the generic filter. But then g forces that S, is Kurepa for all j € k. ]

4
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